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Recently SIEVE was introduced as a new cache-eviction algorithm that excels in efficiency and simplicity. Like
the CLOCK algorithm it uses a single list and an access bit per cached item. The SIEVE and CLOCK algorithm
operate in the same manner, except that SIEVE inserts items in a fixed position in the list, instead of in the
position of the evicted item. Both the SIEVE and CLOCK algorithm can be naturally generalized to a setting
where multiple access bits are used per cached item.

Motivated by the need to improve the performance for workloads with long scan sequences, we introduce
a randomized version of the SIEVE/CLOCK algorithm using [log, (K + 1)] > 1 access bits per cached item.
We present a heterogeneous mean-field model to assess the performance of the randomized SIEVE/CLOCK
algorithm and prove that it has a unique fixed point that can be easily computed using bisection. An explicit
expression for the fixed point is presented when K tends to infinity. The accuracy of the model is demonstrated
using simulations. Theoretical support for the observed accuracy is presented by arguing that the mean-field
model of a slightly modified version of the algorithm is O(1/n) accurate, where n is the population size.

We end the paper by comparing the performance of the randomized SIEVE/CLOCK algorithm with other
cache replacement algorithms to demonstrate improved hit rates (by a factor 1.5 or more) on workloads with
long scan sequences. Furthermore, though the cache hit rate improves with the number of access bits, we
show that the majority of the gain is already achieved with as few as 4 access bits per cached item.
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1 Introduction

Modern storage stacks and operating systems rely heavily on in-memory caching to bridge the
gap between fast compute and slower persistent media. This has driven sustained interest in
replacement policies that are simultaneously effective, simple to implement at scale, and predictable
under production workloads. Among these, CLOCK-like algorithms remain particularly attractive:
they approximate LRU using only a small amount of per-object state and a cheap in-place eviction
mechanism dating back to early operating systems [8]. Recently, the systems community has
continued to refine such “small-state” eviction policies for real workloads, emphasizing operational
simplicity (e.g., SIEVE [23]).
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A recurring practical challenge is that real :
workloads can become scan-dominated, lead- AliCloud Volume28

ing to pathologies such as performance cliffs,
wherein increasing cache capacity has little
effect over a range of sizes until a workload-
dependent threshold is crossed, after which hit
rate improves abruptly and disproportionately.
Figure 1 illustrates hit-rate cliffs under differ-
ent policies on the production trace volume28
from [15]—this effect is not well captured by
classical Markovian workload assumptions, yet
it is routinely observed in real traces. Policies 007 ' ' ' ' '
with such cache behaviors are operationally 00 o3 M0 1520 25 30
problematic, since provisioning the cache just Cache Size (4KiB)
below a critical size can drive the hit ratio

close to zero, causing catastrophic performance Fig. 1. Scan-induced performance cliffs for common
degradation due to excessive request misses. cache replacement policies on Alibaba block 1/0 trace

Prior work has proposed several remedies Volume28.
for scan-induced performance cliffs, such as
using mixed complementary policies based on online learning [18], using cache partitioning to
ensure convex miss rate reduction [2]. While effective, these techniques lie outside the small-state
replacement paradigm, as they rely on substantially more structure, coordination, and control
overhead than lightweight eviction policies.

Performance cliffs arise precisely because scan-based eviction paths create a synchronized,
deterministic aging frontier in which many objects are admitted and removed in lockstep. This
observation motivates a design principle for cache replacement: randomize the eviction path to
mitigate worst-case scans while keeping the per-object state minimal. Intuitively, randomization
can mitigate this effects performance cliffs by dispersing eviction pressure across objects; from a
queueing-theoretic perspective, this dispersion is akin to a per-object birth-death process. Indeed,
using a naive RANDOM eviction policy on volume28, we can avoid the performance cliff and
achieve about 10.22% higher average hit rate than SIEVE. Section 7 further substantiates this idea
with a simple heuristic mean-field approximation.

Concretely, we introduce randomized counterparts of CLOCK and SIEVE that replace scan-based
victim search with random probing. Objects carry only a small counter with maximum value K—
equivalently, [log,(K+1)] bits per object—which is incremented on hits and decremented during
eviction attempts. Random probing preserves the spirit of CLOCK (cheap state, local updates) while
making eviction behavior less sensitive to adversarial or trace-induced long scans.

Randomization comes at some costs: under purely Markovian arrivals, scan-based evictee search
can leverage strong recency and may achieve slightly higher hit rates than their randomized
counterparts. However, our experiments indicate that these losses are modest, while the robustness
gains under renewal effects and real workloads can be substantial. This trade-off motivates a
principled performance model that can quantify the performance of randomized CLOCK/SIEVE
caching and how to tune the counter cap K.

To this end, we develop a heterogeneous mean-field model for the randomized CLOCK/SIEVE
family. The mean-field limit yields a tractable dynamical system for the evolution of object-level state
probabilities. At stationarity, each object’s marginal distribution has the same form as the steady
state of a finite-capacity queue driven by that object’s request process: under the Independent
Reference Model (IRM) it is the stationary distribution of an M/M/1/K+1 queue, while under
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the phase-type renewal (PH) model it is the stationary distribution of a PH/M/1/K+1 queue. In
both cases, the distribution depends on a single scalar (an effective service rate) that is uniquely
determined by the cache-size constraint and can be found efficiently by bisection.

Theoretically, the randomized eviction path is not only a practical design choice but also a
modeling advantage: with slight modification, it yields a natural CTMC description with bounded
interaction degree, which fits the heterogeneous mean-field framework of Allmeier and Gast [1].
This provides an O(1/n) justification for the accuracy of the mean-field approximation in large
systems, and explains why the model remains predictive under the cache scalings considered in
our experiments.

Our main contributions are:

e We introduce a randomized CLOCK/SIEVE family with maximum count K (i.e. O(log K) bits
per cached object) designed to be robust to long scan sequences.

e We derive a heterogeneous mean-field model for the transient behavior and fixed points, the
latter of which can be computed using a bisection algorithm. As K tends towards infinity,
each fixed point admits a simple closed form solution.

e We validate the model against simulations and demonstrate that randomization provides scan
resistance and robust performance on real workloads while incurring only modest losses in
Markovian settings.

e We frame the model using heterogeneous mean-field theory [1], providing a theoretical
justification for the observed accuracy.

The rest of the paper is organized as follows. Section 2 reviews related work. Section 3 introduces
the policies and workload models and summarizes notation. Section 4 develops the mean-field model
for the randomized CLOCK and SIEVE algorithms under IRM (Section 4.1) and PH (Section 4.2)
workloads. Section 5 validates the model against simulations. Theoretical support for the mean-field
approximation is demonstrated in Appendix B. Section 6 reports additional simulation results and
distills practical guidelines for policy and parameter selection. Section 7 explains why randomized
eviction mitigates performance cliffs, and Section 8 concludes the paper.

2 Related Work

Analytical models for caching have a long history, with a particularly rich literature for LRU under
the IRM. Early approximations date back to classical work on buffer replacement [9], and the
TTL/Che’s approximation [7, 11] and its refinements have become standard tools for predicting
hit ratios. More recent work develops accurate and broadly applicable approximations, including
unified frameworks and TTL-based viewpoints for networks of caches [4, 12, 16].

Mean-field and fluid limits have also been used to analyze families of multi-list and randomized
policies, where large-system limits yield deterministic dynamics and often tractable fixed points.
Our approach is closely related in spirit to the mean-field analysis of list-based caches in [13, 14],
but targets a CLOCK-like mechanism with access counters rather than a list discipline.

CLOCK and its variants are among the most widely deployed practical replacements, dating
back to early operating systems [8]. Compared to LRU, rigorous performance characterizations are
more limited, in part because scan-based eviction introduces strong coupling across many cached
objects.

On the systems side, recent work continues to refine eviction policies for real workloads, empha-
sizing simplicity; SIEVE [23] is a notable example. SIEVE can be regarded as part of the broader
CLOCK:-like family because it uses the same per-object access-bit mechanism; it differs only in that
newly admitted objects are always inserted at a fixed position.

Robustness in cache replacement under non-stationary access patterns, especially long scans and
rapid churn, has motivated a class of scan- and churn-resistant designs. E.g., CACHEUS [18] models
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Reqg H (miss) Reg A (hit) Reg D (hit)

Hand initially at A. Accessed=1 Scan A,B: clear 1-0; replace Hit: set A.accessed=1. Hit: set D.accessed=1.
for G,B,A. C(0) with H(0). Hand-D.
Req | (miss) Req B (hit) Req J (miss)

Scan D: clear 1-0; replace E(0) Hit: set B.accessed=1. Replace F(0) with J(0). Hand-G.
with 1(0). Hand—F.

Fig. 2. CLOCK on the request sequence H,A/D,IB,],..., starting from cache state
A(1),B(1),C(0), D(0), E(0), F(0),G(1); the eviction hand scans clockwise and initially points to A.
Each panel shows the cache state immediately after processing the corresponding request.

production traces as mixtures of a small set of workload primitives and uses online learning to
adaptively weight complementary expert policies as the dominant primitive shifts over time. Related
analytical work studies a broad, tunable family of list-based policies [14] that enable exploring
performance trade-offs via list tuning. Beyond replacement policy design, Talus [2] proposes a
cache-management (partitioning) scheme to eliminate performance cliffs.

Randomization has appeared in cache replacement for purposes other than robustness. E.g.,
Hyperbolic caching [6] uses random sampling at eviction to approximate the lowest-priority item
under a score-based policy, enabling flexible objectives such as cost- and expiration-aware eviction.
In these settings, randomization serves mainly flexibility or implementation efficiency.

Reinforced counters [10] model each object as a birth-death process with a geometric stationary
distribution over counter states, where insertion and eviction are governed by explicit counter
thresholds. We note this per-object birth-death form admits a mean-field extension as in this work.

A closely related line of work develops tools and datasets for workload characterization and
miss ratio curve analysis [21, 22], which we use to simulate and validate our modeling assumptions.
In particular, miss ratio curve analysis makes the cache behavior of the workload under evaluation
interpretable, and can be used to validate analytical models.

3 Preliminaries

We consider a cache of capacity C storing objects from a fixed catalog {1, ...,n} with n > C. All
objects have equal size, so the cache can hold up to C objects, never more. A replacement algorithm
is used to determine which object to evict on a cache miss when the cache is full. Time is continuous
and requests arrive according to one of the workload models described in Section 3.2.

3.1 Replacement Algorithms

We briefly recall the policies used as baselines. The LRU, FIFO and RANDOM are simple enough
to need no description, but several variants of CLOCK have been described; we use the classic
single-handed CLOCK algorithm from the Multics system [8], which stores cached objects in a
circular array with a pointer (the “clock hand”) pointing to an eviction candidate. As a concrete
example, Figure 2 illustrates CLOCK on a short request sequence, starting from a cache containing
{A, B, ..., G} with the hand initially pointing to A. The accessed bit is set for A, B, and G. The first
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Head Start Tail Head Req H (miss) Tail Head Req A (hit) Tail Head Req D (hit) Tail
fGrrle[ofcfefa] [HflcfF[E[o[BA] [HIGTFIE[DfB[A] [HIGTF[EDTS [fA]
t i t t
Hand initially at A. Scan A,B: clear 1-0; evict Hit: set A.accessed=1. Hit: set D.accessed=1.
Accessed=1 for G,B,A. C(0). Insert H(0) at head.
Hand-D.
Head Req | (miss) Tail Head Req B (hit) Tail Head Req J (miss) Tail
frHferrofefa] FrfHISTrof8fA] [T HIG] DB A]
t t t
Scan D: clear 1-0; evict E(0). Hit: set B.accessed=1. Evict F(0). Insert J(0) at
Insert 1(0) at head. Hand—F. head. Hand-G.

Fig. 3. SIEVE on the same request sequence H,A,D,I, B, ],..., starting from the same cache state
A(1),B(1),C(0),D(0), E(0), F(0), G(1); the eviction hand scans from tail to head and initially points to A.
Each panel shows the cache state immediately after processing the corresponding request.

request H misses, so the hand scans clockwise: it clears A and B and then replaces the first entry
with bit 0 (here, C) by H; the hand then advances to D. Subsequent requests proceed analogously:
hits set the accessed bit, while misses advance the hand, clearing any 1-bit object encountered until
reaching a 0-bit victim for in-place replacement.

SIEVE stores cached objects in a FIFO-ordered list and similarly maintains a per-object access
bit. On a miss when the cache is full, it probes the object at the current hand position: if the bit
is 0 the object is evicted; otherwise the bit is reset to 0 and the hand advances one step toward
the head (wrapping from head back to tail as needed) and probing continues until a 0-bit victim is
found. The key difference with SIEVE is (a) that the evictee is removed from the list, not replaced
in-place, and (b) the new item is inserted into the list at a fixed position (the head of the list, in a
linear representation). To support these updates SIEVE typically requires a doubly-linked list or
comparable data structure, rather than a simple circular array. Figure 3 illustrates SIEVE on the
same request sequence and initial cache state as the CLOCK example.

We then introduce CLOCK(K)/SIEVE(K) and their randomized counterparts. All these algorithms

use a small amount of per-object state: each cached object carries an access counter in {0, ..., K}
(equivalently, [log,(K+1)] bits). On a hit, the counter is incremented by one up to K. On a miss,
the policy repeatedly inspects candidate objects and (i) evicts the first object found with counter 0,
or (ii) if the candidate has counter > 0, decrements it by one and continues searching. The policies
differ only in how candidates are generated (sequential scan versus random probing) and where
the missing item is inserted.
CLOCK(K) and SIEVE(K). CLOCK(K)' generalizes the access bit of CLOCK to an access counter:
on a miss, the hand scans positions and decrements the counter of each examined object by one
when it is positive, advancing until it finds a counter-0 victim to replace. New objects are inserted
at the current hand position with counter 0. With K=1, CLOCK(K) is the classic CLOCK.

Similarly, we generalize SIEVE to SIEVE(K) where hits increment the counter up to K. With
K =1, SIEVE(K) is the original SIEVE.

With K = 0, both CLOCK(K) and SIEVE(K) degenerate to FIFO.
Ran-CLOCK(K)/Ran-SIEVE(K). These randomized variants replace sequential scans with uniform
random probing. On a miss, Ran-CLOCK(K) repeatedly samples a cached object uniformly at
random (with replacement): if its counter is 0, it is evicted and replaced; otherwise the counter is

1Corbat6’s original paper [8] describes a K-bit shift register per entry: references set the top bit, and each hand probe shifts
the register, evicting when the register becomes zero. To our knowledge, this shift-register variant was never implemented
in practice. A closely related generalization, often called GCLOCK [17, 20], replaces the register with a counter that is
refreshed on each reference (typically set to K) and decremented on each probe, again evicting at zero. CLOCK(K) differs in
that hits increment the counter by one up to K rather than resetting it.
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decremented and probing continues. Ran-SIEVE(K) is defined analogously, differing only in its
internal list representation and its fixed insertion position for new arrivals. Because probing is
uniform and does not depend on the list order, these implementation details do not affect which
objects are probed, decremented, or evicted. As a result, Ran-SIEVE(K) and Ran-CLOCK(K) induce
the same evolution of object counters (up to permutation) and therefore have the same steady-state
hit/miss ratios (equivalently, over sufficiently long streams). For the workload models in the next
subsection this can be easily shown using a coupling argument.
For K = 0 both Ran-CLOCK(K) and Ran-SIEVE(K) reduce to RANDOM.

3.2 Workload Models

We model requests as the superposition of n independent object-level processes. Throughout, we
normalize the total request rate to 1 for convenience.

Independent Reference Model. Under IRM, requests for object k arrive as a Poisson process of
rate pg, with

n
P20, ZPk =1
k=1
Equivalently, in discrete time one may view successive requests as i.i.d. samples from the distribution
(px). We assume without loss of generality that p; > p, > -+ > py,.
Phase-type renewal model. To capture various inter-request times, we also consider a renewal
model. For each object k, requests arrive according to an independent renewal process with i.i.d.
inter-request times having a phase-type (PH) distribution described by a pair (e, Tx), where ag
is an initial distribution over phases and Ty is a subgenerator matrix. Let 1 be the all-ones column
vector and define the absorption-rate vector p; := =Ty 1. The mean inter-request time of object k is

E[Ax] = —alezll,
so the long-run request rate is Ay := 1/E[A]. We normalize )} _, Ax = 1 and define the correspond-
ing popularity weights
Pr = Ak,

so that py coincides with the request rates when inter-request times are exponential.

3.3 Notation

We summarize the main notation used throughout the paper in Table 1. Throughout, x; ;(¢) denotes
a probability, while aggregate quantities such as xo(t) and x1. () are expected counts. Vectors and
matrices (e.g., Xk j(t), &k, and Ty) are written in boldface, with dimensions clear from context.

4 Mean-Field Model for Ran-CLOCK(K)/Ran-SIEVE(K)

In this section, we develop a heterogeneous mean-field model for Ran-CLOCK/Ran-SIEVE(K),
following the approach of [13] for RAND(m). We consider a cache of capacity C serving a catalog
of n > C equal-sized objects.

4.1 Independent Reference Model

In the IRM, requests for item k arrive at some rate py. We may assume that 3};'_ px = 1 and that
Pk is non-increasing in k, that is, item 1 is the most popular and item n the least popular. Define
the variables

o xi _1(t) as the probability that item k is not cached at time ¢,
o xi ;(t) as the probability that item k is cached and its access counter equals j at time ¢,
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Table 1. Notation.

Symbol Meaning

n Catalog size; objects are indexed by k € {1,...,n}.

C Cache capacity (number of objects).

K Counter cap in CLOCK(K), SIEVE(K), and Ran-CLOCK(K)/Ran-SIEVE(K);
counters take values in {0,...,K}.

S Local state space S = {-1,0,1,...,K}; —1 denotes “not cached”.

Sk (t) Local state of object k at time t; Sy (¢) > 0 iff k is cached.

Dk Request rate / popularity weight of object k (normalized so Y.}, px = 1).

0 Zipf exponent, py o k=7,

xp,j (1) Probability xy ;(t) = P(S(t) = j) for j € S.

x0(t) Expected number of cached objects with counter 0, xo(t) = g xg o (£).

x1+(2) Expected number of cached objects with counter > 1, x14(t) =
Xjz1 Lk Xk,j (1)

m(t) Miss rate.

z Service rate z = m/xo; (at stationarity z = zg).

zZK Unique fixed-point service rate.

Pmiss(C, K) Steady-state miss rate.

(g, Tg) PH parameters of object k: initial phase distribution and subgenerator matrix.

dp. Number of phases of object k in the PH model.

158 Absorption-rate vector p; = =T 1.

Ak Long-run request rate of object k (3 x Ax = 1); we set pr = Ag.

xg,j () Row vector of phase probabilities when object k has counter j in the PH model.

hy (1) Instantaneous request rate in state j under PH, hy ;(t) = xg j(t) .-

1,1 All-ones column vector and identity matrix (dimension is clear from context).

for j = 0,...,K. Hence, Zf:_l Xk j(t) = 1for all k and ¢, and X x¢ —1(¢t) = n — C for all ¢ if we
assume the cache is full at time 0 as the cache size equals C.

Let m(t) = Xk prxk,—1(t) be the miss rate at time ¢ and xo () = >}; xx0(t) be the expected number
of objects in the cache with access counter zero. Similarly, define x4(t) = 2 ;51 X xx,j(t) as the
expected number of objects with a use counter larger than zero. The drift equations characterizing
the model are as follows:

d xk k(1)
— t) = _1(8) — 1) — s 1
G (1) = Pt (6~ m() s 1)
d X1 () xgj(2)
—xp;(t) = (1) - (1) +m(t) [ — -= , 2
77 % (1) = picXic j-1.(8) — P (1) +m(1) (D) (D) )
d X0 (1)
—Xf—1(f) = — —1(8) + t)— s 3
G5k () = —pixi (0 + m() S ©
for j = 0,...,K — 1. The terms involving py are obvious as a request for item k occurs at rate
pi and increases its use counter by one (unless it equals K). To understand the terms involving
m(t)/xo(t), note that when a miss occurs, —S~ — 1 = x1, () /xo(t) represents the expected number

x0(£)
of failed attempts that are observed on average to randomly select an item in the cache with an

access counter equal to 0. For each failed attempt, item k with access counter j > 1 is selected with
probability xx j(t)/x1+(t). Note that in the mean-field model, a single miss decreases the counter
of an item by at most one, contrary to simulations where the same item can be selected multiple
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times. The reasoning behind this is that the probability of selecting the same item twice tends to
zero as the cache size tends to infinity.

4.1.1  Computing the Unique Fixed Point. The fixed point equations are given by

m
0 = PrXp -1 — — Xk K> (4)
Xo0
m
0 = prXj-1— PXk,j + x_(xk,j+1 — X j)s (5)
0
m
0 = —prXp,_1+ —Xk,0 (6)
Xo0

with m = 3} prxy,—1 and xo = D x40, for j=0,..., K - 1.

THEOREM 1. The set of fixed point equations given by (4)-(6) has a unique solution given by

- (pic/zx)™*!
TS o)
forj=-1,...,K, where zx € (0, 1) is the unique solution of
_C= 7)
Z K“(Pk/z)l

which can be computed using a simple bisection algorithm on (0, 1). The miss probability equals

n

Pmiss (C’ K) Z Pk

_— 8
SR (pre/zx)T ®

Proor. Assume we have a fixed point (xx j)k=1,.n;j=—1,..x and denote z = 3\p xx _1pk/ Dk Xr0 =
m/xo. The set of fixed point equations is a linear set of equations if we assume z is a fixed number
(which we determine later). These equations correspond to a birth-death process, such that

(p/2)™

Xkj = K+1(pk/z)l

must hold. Define
1
f@)=) xxa=) ——
zk: Z YK (pr/2)t

Then lim,_¢+ f(z) = 0,lim,,» f(z) = n and f(2) is increasing in z on (0, ). As the number of
items in the cache equals C, we must have that

f(zy=n-C

Hence, there exists a unique zx € (0, o) that solves this equation and therefore there is a unique
fixed point. Further,

f=2 K“(p)t Zzlow 20-p=n-t

This means that the value of z for which f(z) = n — C is strictly upper bounded by one. O

Itis worth noting that (xg _1, . . ., X ) corresponds to the stationary distribution of an M/M/1/K+
1 queue with arrival rate py and service rate zx for all k. The service rate zx is such that the sum of
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the probabilities that these n queues are empty, given by >, xx 1, equals n — C. We further note
that the expected number of probes needed per miss is given by

C CZK
L - ©)
X0 Pmiss (Cs K)

The next result shows that a simple explicit expression exists for the limit of zx when K tends to

infinity, which also yields a simple explicit expression for the limit of p,,;ss(C, K) as K tends to
infinity.

COROLLARY 1. Let £ € {0,...,C — 1} be the smallest number such that
Zk>l Pk

Pe+1 < cC—r (10)
then
. Zk>fpk
o =1 = , 11
Zoo = lim zg = == (11)
and

Zk>€ plzc
Zk>t’ Pk .

I%i_rgopmiss(cs K) = ZPk - (C - [)
k>t
Proor. When ¢ = 0, we have p; < 1/C and one readily verifies that z = 1/C is the unique
solution of (7) as pi/z < 1 for all k. For £ > 0, denote E; = } ;- px. We prove that the unique z
solving (7) for K tending to infinity is given by ze = Ery1/(C — £). By definition of £ we have

Es
>, 12
Ps C—-s+1 (12)
fors =1,...,¢. We first show that p; > z,, for s = 1,..., £. Hence, by (12) it suffices to show that
0 = E Bt _ dor = 2
T C-s+1 - (C-p) T
for s = 1,...,¢. This clearly holds when a; > agy1. It is easy to see that

Ps (C - S) — Es11

(C-s+1)(C-5s)

So ag — as41 is positive if and only if p;(C — s) — Eg4q is positive. By (12) we find

by > Ds + Esi1
C-s+1

allowing us to conclude that a; > as4; for s = 1,.. ., ¢ and therefore py > zo for k < £ and py < zo

for k > £. Using the same definition for f as in the previous proof, we have

. B Pr\ Epr1
KIE};JC(ZK)_Z(I__ =n—f{—-——=n-C,

V4 V4
k>t 0 0

as — ds+1 =

ps (C - S) = ES+15

as the first ¢ terms converge to zero. The expression for limg_,c pmiss(C, K) then follows from
(8). O

When pi < 1/C for all k, we have limg e pmiss(C,K) = 1 = C ¥ p7. The miss probability
therefore only depends on C and the collision probability > pi, which represents the probability
that two successive requests are for the same item. When p; > 1/C, meaning ¢ > 0, the £ most
popular items never generate a miss (in the limit for K to infinity), while the miss probability is
fully determined by C, the probability .., px that a request does not belong to the £ most popular
items and the collision probability of the least n — ¢ popular items.
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4.2 Phase-Type Renewal Models

We now consider the PH workload model described in Section 3.2. For object k, inter-request times
have PH representation (ark, T) (order di), and we write the absorption-rate vector as p;. := =T 1.
We define the state of item k at time ¢ using row vectors xx ;(t) € R™% for j € {-1,0,...,K}.
The ¢-th component of x; ;(t) represents the probability that item k has access counter j (where
Jj = —1 indicates the item is not cached) and is in renewal phase ¢.
The scalar request rate for item k while at counter j is given by the inner product:

hij (£) = X j (1) py-
The total miss rate is m(t) = i hg.—1(¢), and the normalization factor for the cache probe is
xo(t) = 2k Xk (1)1,
Let xi j o(t) denote the £-th component of xi ;(t), and let (Tx),, and (ax), denote the (r, £)-th
entry of T and the ¢-th entry of a, resp. Then, for each phase ¢, the drift of the state probabilities
is given by

d
%t (0) = D i (D (Tone = xi (1) D (Tker = X (D

r#f r#t
X, j+1,e(t) — Xk je (1)
xo (1)

5

) X (i e+ m(2)
-

Xk ja,e (1) = Xp j o (1)

= 2 (D (T = (O (Tee + hiejor (e + m(n) ===

r#t

>

X, j1,e(t) = X e (1)
x0(1)

= (x4, j () Tr)e + hi j_1 (t) e + m(t)

5

for 0 < j < K. Collecting the phase components into the row vectors xx ;(t) yields the following
compact form, where x ; ()T captures both internal phase evolution and loss of mass due to
absorption.

For0<j<K:

Xeje1 () Xgj (1)
xo(t) x(t) |

Here, hits on counter j — 1 increment the counter to j and reset the phase to o, while the Ran-

CLOCK/Ran-SIEVE probe decrements counters from j + 1 or out of j without altering their phases.

In the same vein we find the following compact expressions for j = K and j = —1.
For j =K:

(13)

d
Exk,j(t) = X5 (D) Th + g jo1 (t) i + m(2)

%Xk,K(t) = Xk ()T + (hig—1(t) + heg (1)) et — m(t) X;OIEE;) (14)

The term (hg k-1 + hi k) @ represents items reaching or staying at counter K (either from a hit at
K — 1 or a hit at K) with phase distribution reset to a.

For j =-1:

d Xk (1)
—Xp _1(t) =X 1 () T + m(t) — . 15
dtk,l() k—1(t) Tk ()xo(t) (15)

The term x¢ _; () Ty accounts for the phase evolution of uncached items and the departure of items
Xk (¢)
. ) xo ()
to the uncached state, retaining their current phase.

upon a miss (absorption). The term m(t) represents evicted items (from counter 0) returning
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4.2.1 Computing the Unique Fixed Point. We start with the following Lemma, which to the best of
our knowledge, is a new result for the PH/M/1/K queue that could be of separate interest.

LEmMA 1. The stationary distribution (Xq, .. .,Xk) of a PH/M/1/K queue, where the arrival renewal
process is characterized by (a, T) and service rate z, is proportional to (6, . .., Ox) with

0; = —a(T - zI)'RK~, (16)

0y = —za (T — zI) 'RE1(-T) 7}, (17)

fori=1,...,K, with
R=—2z(T-zl+zla)™ .

Hence,
6,1 Ok (zRE1(-T)™ 1
Xl = — o = _ 1K(z 1 D )IH — (18)
e i1 O (ZRE-I(=T)~11+ (I+ ;2] RH1)
ProorF. The rate matrix of a PH/M/1/K queue is typically written as
T pa
zZ T-zl pa
Q= ; (19)

zZ T-zI 1104
zl T+pa —zI1

with K + 1 block rows, such that the i-th block row corresponds to the states with i — 1 jobs. To
prove the theorem, the trick is to reverse the order of the block rows to obtain

T+pa —=zI zl

Lo T-zI =zI
Q(reu) — . .
pa T-zI =zl
pae T
Let (xém’) L x(red) ) = (XK, ..., Xo) be its stationary distribution. The Markov chains characterized

by Q and Q"¢®) are special cases of a finite level-dependent Quasi-Birth-Death Markov chain [5,
Section 7-8]. Such a Markov chain has a rate matrix of the form

Ao Aip
Air Agr A
Q= Az Ay ;
' Ak
A1k Aok
and the following backward recursion can be used for its stationary distribution (yy,...,yk):
Yi+1 = Yif(m, (20)
fori=0,...,K—1.The ﬁ,- matrices can be computed as
R = —Ark-1Ag k. (1)
R =-Ai (Ao + Ri+lA—1,i+1)_1s (22)
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fori=1,...,K — 1. The vector y, solves the system

yo(Ago +RiA_;) = 0. (23)

For the Markov chain characterized by Q(’e”), we therefore have
R =2z(-T)7, (24)
R; = —z(T—zI+ﬁi+1pa)_l, (25)

fori=1,...,K — 1. We now argue that
ﬁ]=R2=...=RK,1ZRZ—Z(T—ZI+Zla)_1. (26)

This is the reason for working with Q("¢®) as such a simplification does not exist for Q. Fori = K —1
this is immediate as z(-T) 'y = z1. For i < K — 1 it suffices to show that Ry = z1, which
corresponds to showing that

—(T-zl+zl@) 'p=1.
Multiplying left and right with (T — zI + z1), we get
p=—(T-zI+z1x)1,
which holds as a1 = 1 and p = —T1. By (20), (24) and (26), we therefore have

(rev) _ Xgrev)R’ and X(rev) - X(reu)z(_T)—l (27)

Xiy1 T K K-1

fori=0,...,K — 2. By (23) the vector xérev) solves

x(()m’) (T+ pa —zZI+Rua) = 0.
We now argue that —a (T — zI) ! solves this equation. Using the relation Ry = z1, we need to
verify that

~a(T—zI) T+ pa -zl + z1@) = 0,
that is,
—a(T-z2D) N (p+z21)e = @,

which holds if —(T — zI) " (u +z1) = 1. The latter equality is readily verified by multiplying left and
right by (T — zI). Combining this with (27) and the fact that xx_; = x(rev)

; completes the proof. O

THEOREM 2. The set of fixed point equations given by (14)-(13) has a unique solution where
(Xk.—1 - - -» Xk k) s given by the stationary distribution of a PH/M/1/K+1 queue with inter-arrival time

distribution (ay, T) and service rate ZI(<PH>. The service rate Z;<PH) € (0, 1) is the unique solution of
c z”: . 2”1 ~ap(Ty — 21) 7 (2R (=Tx) 7'1) 28)
n—-Cc= Xk, -11 = - s
P = —ap (T — 2D) 71 (zRE (=Tp) 11+ (I+ T, R)1)
with
Ry = —Z(Tk—ZI+Zl(Zk)_1. (29)

The value ofz;(PH) can be computed using a simple bisection algorithm on (0, 1). The miss probability

equals
n n

pmiss(ca K) = Z Xk, 1My = Z Z;(PH)stol,

k=1 k=1
as the total request rate Y A = 1.
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Proor. Assume we have a fixed point (X j)k=1, . n;j=—1,..xk and denote z = 3\p Xp _1 1,/ 2 g X0l =
m/x,. The set of fixed point equations is given by

0= Xk,K(Tk + U — ZI) + X K-1 U @,
0 =Xk j (Tk — 21) + Xp jo1 i Ok + 2Kk a1,
0 =xp 1Tk + 2xp .

If we compare these with (19), we find that (xk 1, ..., Xk k) is the invariant vector of a PH/M/1/K+1
queue with service rate z. In a PH/M/1/K+1 queue, the probability that the queue is empty x; _;1
increases in z for all k. This can be proven using the following coupling argument. Consider two
PH/M/1/K+1 queues with service rates z and z’ respectively, with z > z’. We refer to these queues
as Q1 and Q2. For any sample path of Q1, we construct a sample path for Q2 as follows:

o All events related to the arrival process are the same in both queues.
e When a service completion occurs in Q1, a service completion is triggered in Q2 with
probability z’/z.

e When Q1 is empty and Q2 is not, a service completion is triggered in Q2 at rate z’.
From this coupling it is clear that at any point in time Q2 contains at least as many jobs as Q1.
This shows that };; x¢ 11 is increasing in z for all k and therefore there is a unique z such that
>k Xk—11 = n — C. The expression for x4 _;1 follows from Lemma 1.

When z = 1, we have x¢ _11 > 1 — pi (as the load equals py and there are some losses), which

implies that

n

Zxk!,11>n—2pk=n—12n—c
k

k=1
(PH)

v €(0,1). O

Therefore the unique z

COROLLARY 2. Define ¢ as in Corollary 1, then

o=l (PH) _ Zk>[pk 30
Foo = K c-¢° (30)
is independent of the shape of the inter-request distribution (aty, T) and
n -1 K
—a (Tr — zol) ' zoRE1
lim pies(C.K) = ) lim N ey oY
K—eo o Koo —ap (Tr — zoD) 1 (2R (=T) 711+ (I+ 232, R 1)
- Z - _lz°° , (31)
S 2oy, (FT) 711+ pie/(pr — 1)

with p = sp(Re), y{ Rk = pry}, yi1=1and
Ri = —2oo (T — Zool + Zeolarg) .

which does depend on the shape of the distribution (ak, T).

Proor. The limg_, ng) does not depend on the shape of the phase-type distribution as the
probability xi 11 that the queue is empty converges to 1 — px/z when py < z and converges to zero
when z < py as K tends to infinity. The limg_« z}PH) is therefore the same as for the M/M/1/K+1
queue and (30) follows from Corollary 1. The expression for the limit in (31) can be found as follows.
First, Tx — zool + zoo 1 is a sub-generator, therefore

Rk/Zoo — _(Tk P zoolak)_l _ / e(Tk_ZOoI+ch1ak)tdt > 0,
0

Proc. ACM Meas. Anal. Comput. Syst., Vol. 10, No. 2, Article 49. Publication date: June 2026.



49:14 Yirong Wang, Peter Desnoyers, and Benny Van Houdt

meaning Ry is primitive. By the Perron-Frobenius theorem for primitive non-negative matrices
[19], we have

RY = pi (xiyf +0(1),

with Rexx = prxk, ysz = pkyz, yZl = 1and yzxk = 1, in the sense that ||RkK/pkK - xky,ZH
converges to zero. Note that pi > 1 for k > £ (as the load of the associated PH/M/1/K+1 queue is
less than 1 for k > ¢ and Ry was such that 8;,; = OiREI). This implies that for any u,v > 0, we
have for k > ¢

) uTRkKV ) pf(uTxk)yzv + o(p,lf ygv
lim ——— = lim ————— Ky ol (32)
Ko u!Riw K= pr(u!xg)y, w+o(py VW
) K+1_q
W1+ DGR P (T x)yfv + 0(pf) )
am TRK TR T K (aTx v Ky -1 (33)
uw RV Py (u Xk)YkV"'O(Pk) Pk .
[m}

In solving (28) for z, each bisection step requires, for every object k, computing (Ty — zI)~! and
powers of R (29). A straightforward implementation costs O X,}_, K dli per bisection iteration.

Since Ty — zl and Ty — zI + z1a are subgenerators, they are non-singular, so their inverses are
well-defined.

5 Validations via Trace-Driven Simulations

We validate the accuracy of the mean-field model by comparing its predictions against cache
simulations driven by synthetic traces. Two workload settings are considered:

IRM. Zipf(0) popularity distribution, i.e., px = (1/k%)/3%,(1/i)°.

PH. Keep the same Zipf(6) popularities and replace the inter-request times with phase-type renewal
processes. Here we use a two-phase hyperexponential distribution with ax = (1/2,1/2) and

Ty = Tpk, where
—11 0
T= ,
[ 0 _/’2}

such that py/ps = 10 and 1/(2p1) +1/(2p2) = 1.
For each of the above workload models, we report both pointwise comparisons based on multiple
simulation runs and mean absolute errors over miss ratio curves across a range of system parameters.

5.1 Pointwise Comparison and Error

We report pointwise comparisons for a representative set of system sizes, namely (n,C) € {(30, 10),
(60, 20), (120, 40), (240, 60), (480, 100), (960, 200) }. To capture varying degrees of popularity skew,
we consider Zipf exponents 0 € {0.5,0.8, 1.1}, and we evaluate two counter caps, K = 1 and K = 15.

For each workload setting, MF represents the fixed-point miss rate from the mean-field model,
SIM is the average miss rate over 10 simulation runs of trace length 107.

For IRM, Table 2 reports the validation results for K = 15; similar results for K = 1 can be found
in Appendix A, Table 5. For PH K = 1 and K = 15, validation results are shown in Tables 6 and 7,
resp. of the same appendix.

Across all experiments, the mean-field predictions match simulation closely. Relative errors are
typically well below 1%, with larger deviations appearing mainly at large 6 and small n. Accuracy
tends to improve as n increases.
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n 30 60 120 240 480 960

C 10 20 60 40 100 200
0=05 MF 0.5707 0.5529 0.3720 0.7332 0.6688 0.6627
0 =05 SIM-MF | 2.3021e-04 1.2750e-04 7.7574e-06 4.7149e-05  3.6656e-05  3.5027e-05
0=038 MF 0.4345 0.3990 0.2411 0.5312 0.4526 0.4336
0 =0.8 SIM-MF | 2.9091e-04 1.2780e-04 5.7068e-06 -1.4520e-06 5.5569e-05  1.5947e-05
0=11 MF 0.2943 0.2460 0.1272 0.3014 0.2262 0.1976
0 =11 SIM-MF | 2.1135e-04 1.0898e-04 4.4526e-06 5.3183e-05 -7.3156e-06 -6.3186e-06

Table 2. Validation by simulation of miss probability for IRM model with K = 15. Mean-field is nearly always
optimistic, i.e., predicts a fractionally smaller miss probability.

5.2 Validations on Miss Ratio Curves

Here we evaluate our mean-field model through a parameter sweep over a multi-dimensional
parameter grid, for each workload model and each combination of (n, 6, K). Experiments span n €
{30,60,...,960} on fixed trace length 107, Zipf exponents 6 € {0.5, 0.8, 1.1}, and Ran-CLOCK/Ran-
SIEVE parameter K € {1, 15, 63}. Cache sizes C vary from 2 up to n, and we summarize the resulting
accuracy using the mean absolute error (MAE) between model predictions and simulations.

The distribution of MAE values is shown as box plots in Figure 4. For readability, the figure uses
labels A-R to denote specific workload models and (6, K) configurations, as mapped in Table 3.

Table 3. Short-label legend for each experimental configuration. Labels are reused for the MF+SIM miss ratio
curves of the same workload.

Label A B C D E F G H I ‘ J K L M N (@) P Q R
Workload IRM PH

0 05 05 05 08 08 08 11 11 1105 05 05 08 08 08 11 1.1 1.1
K 1 15 63 1 15 63 1 15 63 1 15 63 1 15 63 1 15 63

Again, the mean-field model becomes more accurate as n increases. In Figure 4, the MAEs
are below 0.015 for n = 30 and typically well below 0.0005 for n = 960. We provide conceptual
support in Appendix B for the observed accuracy by showing that a slightly modified version of
Ran-CLOCK/Ran-SIEVE(K) is O(1/n) accurate.

6 Simulation Results and Guidelines for Policy/Parameter Selection

This section reports trace-driven simulation results and practical guidance for selecting policy
variants and K. We examine two workload characteristics, namely frequency and recency, and the
effect thereof on hit ratios and the relative performance ranking of policies.

We first show that changing recency (inter-request time distribution) while keeping frequency
(popularity skew 6) fixed can alter policy rankings and narrow (or widen) the performance gap
between policies, so conclusions drawn under IRM do not always transfer to renewal processes.
Second, we sweep K in controlled experiments to extract simple tuning guidelines. Finally, we
evaluate on production traces to assess the robustness of selected policies under real access patterns.

All simulations are run on a modern C++/Python microbenchmark [22].
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Fig. 4. Mean absolute error (MAE) between model-predicted (MF) and simulated (SIM) miss ratio curves for
A-R parameter combinations across multiple n scales. Accuracy tends to improve as n increases.

6.1 Hit Ratio Performance under Markovian Settings

We consider workload variations that decouple frequency from recency, demonstrating that the
same popularity distribution can induce different policy rankings when the inter-request time
distribution changes. We use the IRM and PH models defined in Section 5, each with Zipf(0)
popularities (with & € {0.8,1.1}) over n = 120 objects and trace length 107.

We simulate the hit ratio curves of policies described in Section 3.1 and list-based policies
RAND(m)/FIFO(m) from [14]. (For all of our simulations we set the list m = [0.5C, 0.5C].)

Under IRM with popularity vector (py), an upper bound on the hit ratio is given by:

Hpp (€)= ZP/« (34)

k<C

To better visualize differences across hit ratio curves, we normalize each hit ratio by the IRM upper
bound Hp,,,(C) for the same Zipf exponent 6, as the raw curves are otherwise difficult to distinguish
visually. Figure 5 shows the resulting normalized hit ratio curves. Note that several policy pairs are
effectively indistinguishable in these experiments: (i) FIFO(m) and RAND(m) under IRM, (ii) Ran-
CLOCK(K) and Ran-SIEVE(K) for all K under IRM and PH, and (iii) Ran-CLOCK(K)/Ran-SIEVE(K)
and CLOCK(K) under IRM for sufficiently large K (e.g., K=15).

Under IRM, where i.i.d. requests induce memoryless inter-request times, SIEVE(K = 15) achieves
the best average hit ratio in our experiments, SIEVE(K = 1) second. Ran-CLOCK/Ran-SIEVE with
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Fig.5. Simulated hit ratio curves using synthetic workloads; all curves are normalized by the IRM performance
upper bound (34) of the same 6 for better visualization. Large markers indicate overlapping curves. Under
IRM, RAND(m) and FIFO(m) overlap. For K = 15, CLOCK performs the same with Ran-CLOCK/Ran-SIEVE
under IRM (red, green, and orange dashed curves overlap). Ran-CLOCK (green) and Ran-SIEVE (orange)
overlap in all cases. Note that y scales vary for IRM and PH due to the differing result ranges.

K = 15 ranks the third. Increasing 0 from 0.8 to 1.1 increases popularity skew and improves hit
ratios for most policies (with the caveat that FIFO can behave poorly at very small cache sizes),
while the rank among all policies is consistent.

Under PH, popularities stay the same while inter-request times become heavier-tailed via a
two-phase construction with y; /p, = 10. Compared to IRM, performance differences across policies
are smaller (though this is less visually apparent because the IRM and PH plots use different y-axis
scales). As 0 increases from 0.8 to 1.1, all policies see lower performance relative to their IRM upper
bound, and the differences between them narrow further. Despite these reduced performance gaps,
CLOCK(K=15) remains the top performer.

SIEVE is comparatively less 0-sensitive under PH: while its relative hit ratio still slightly decreases
with larger 0, its ranking improves because competing policies degrade faster.
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Finally, K is critical for Ran-CLOCK/Ran-SIEVE: with K=1 they rank near the bottom, ahead of
FIFO only, whereas increasing to K=15 lifts them into the top four in our experiments, outperform
SIEVE.

Comparing IRM and PH further shows that the sensitivity to hyperparameters can be workload-
dependent: larger K can be beneficial under strongly skewed IRM workloads, while under PH the
effect of increasing K varies across policies. E.g, it helps CLOCK and Ran-CLOCK/Ran-SIEVE but
can be harmful to SIEVE.

6.2 The Effects of K under Markovian Settings

In the previous section, we observed that increasing K can improve the hit ratios of Ran-CLOCK/Ran-
SIEVE under the Markovian workload models we study. To better understand this effect, we examine
how hit ratios evolve as K increases. We also quantify the overhead of larger K in terms of the
mean number of probes per eviction.

i

K=1 K=15 —o— K=255 —o— K=65535 —o— K=1 K=15 —o— K=255 —o— K=65535

1.0 1.0 D

o o
3 @

Hit Rate
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o
=
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(a) IRM (b) PH

Fig. 6. Ran-CLOCK/Ran-SIEVE hit ratios versus K (trace length 107, n = 1000, K € {1, 15, 255, 65535}). In
each subfigure, the left panel fixes C = 300 and varies 0 € {0.5,0.6, ..., 1.1}; the right panel fixes 6 = 0.8 and
varies C € {100, 200, ..., 1000}. Curves for K > 15 are indistinguishable from each other.

6.2.1 Hit Ratio Evolution over K. Here our experiments span K € {1, 15, 255, 65535}, under IRM
(Figure 6a) and under PH (Figure 6b), resp. For all cases, trace length and n are fixed at 107 and
1000, resp.

Two sets of results are reported under each workload family as visualized in Figure 6. In both
subfigures the left panel shows hit ratios at a fixed cache size C=300 (30% of n) over 8 € {0.5,...,1.1};
the right panel fixes 6=0.8 and varies cache size C € {100, 200, ..., 1000} (10% to 100% of n).

Across both workload families, hit ratios increase with 6 and with cache size C, as expected.
They also improve with K, but with clear diminishing returns: most of the gain occurs from K =1
to K = 15, while further increases yield only marginal improvements.

6.2.2  Mean Number of Probes per Eviction over K. We further examine the overhead of larger
counters by measuring the mean number of probes per eviction under Ran-CLOCK, conditional
on a miss. Figure 7a varies K from 1 to 255 (with n = 120, 8 = 0.8, C = 24) under IRM and PH. As
K grows from 1, probing becomes more expensive, but the increase quickly saturates, with little
change beyond K = 15. Figure 7b shows that when fixing cache size at n/5 and varying n from 30
to 960, the mean number of probes per eviction remains essentially flat once n is moderately large
(here n 2 250), indicating that overhead is driven mainly by the cache fraction.

As a quick check against our mean-field model, for K = 15, C = 24, 6 = 0.8, and n = 120, the
fixed point yields xo ~ 14.19 under IRM and x;, ~ 10.96 under PH. By (9), the expected number of
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(a) Mean probes per eviction versus K (b) Mean probes per eviction versus n. Experiments use trace length
(n=120,0 = 0.8, trace length 107, C = 107, 0 = 0.8, K € {1,15,63,255}, n € {30, 60, 120, 240, 480,960} and
24,and K € {1,7,15,31,63,127,255}). C =n/5.

Fig. 7. Probe cost under Ran-CLOCK across K and n.

probes per miss is approximately 24/14.19 = 1.69 (IRM) and 24/10.96 ~ 2.19 (PH), which closely
match the simulation results in Figure 7.

Overall, the results in this section suggest a simple guideline: modest K (< 4 bits) is sufficient
to provide most of the hit ratio gains, while larger K adds little overhead under realistic cache
provisioning and scaling.

6.3 Real-World Production Traces

Table 4. Trace description.

Trace volume28 ‘ volume766 wll w44
Source Alibaba CloudPhysics
Length (mil.) 129.61 3.34 | 296.89 | 25.26
No. of blocks (mil.) 30.91 0.12 2.99 | 3.68
Block Size 4096 Bytes

Year collected 2020 [ 2015

We next evaluate policies on four production block I/O traces from two open-source trace
corpuses: volume28 and volume766 (Alibaba) [15], and w11 and w44 (CloudPhysics) [21]. These
traces were chosen to span diverse access patterns, including two where the relative rankings of
CLOCK and SIEVE change (w11 and volume766) and two that exhibit long (volume28) or multiple
(w44) scans and are notably cache-unfriendly.

The traces were preprocessed for simulation. For the CloudPhysics ones, we retain only read
requests, and all traces were converted into a one-dimensional sequence of 4096-byte block addresses.
Summary statistics after preprocessing are given in Table 4.

Figure 8 shows the hit ratio curves under various policies. We also include Belady’s MIN oracle [3]
as a roofline. In all panels, cache size varies from 0 up to the catalog size n (in blocks) and is
normalized to (0, 1].

SIEVE(K) in most cases is competitive; it achieves the highest mean hit ratio on w44 and
volume766, but degrades on volume28 due to a visible cliff near C/n = 0.6, and dramatically
performs the worst on w11. Varying its counter cap provides little benefit in these cases: increasing
K is essentially neutral on w44 and volume28 and notably harmful on volume766 and w11.
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Fig. 8. Simulated hit ratio curves on four production block /O traces; cache size is normalized by the catalog
size n. MIN denotes Belady’s oracle. Ran-CLOCK (green) and Ran-SIEVE (orange) overlap in all panels and
notably smooth the cliffs. Increasing K has little effect on Ran-CLOCK/Ran-SIEVE, negligible effect on SIEVE
for w44 and volume28, and a negative effect on SIEVE for volume766 and w11.

CLOCK(K) performs best on w11: CLOCK(K=15) slightly outperforms CLOCK(K=1) and the
remaining policies. However, like SIEVE, LRU and FIFO, CLOCK(K) is not scan-resistant.

RAND(m) and FIFO(m) underperform throughout due to a naive list setting. While RAND(m)
typically improves upon FIFO(m) (except on w11) because randomization makes it immune to scans.

LRU performs poorly on most of our cases, except for w11, where it slightly exceeds the naive
FIFO and most alternatives.

Ran-CLOCK(K)/Ran-SIEVE(K) shows strong and stable performance across traces. It ranks first
on volume28 (mean hit ratio 0.4170 versus 0.3614 for the second-best SIEVE(K=15)) and also
dominates SIEVE on w11, where it ranks third, slightly behind CLOCK and LRU. On w44 it ranks
second and remains close to SIEVE(K=1) (0.3986 vs. 0.4019). The main exception is volume766,
where SIEVE leads over a substantial portion of the hit ratio curves, yet the gap between Ran-
CLOCK(K)/Ran-SIEVE(K) and SIEVE(K) is modest (at most 10%) and the mean hit ratios remain
close (0.7471 vs. 0.7558).
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Notably, on w44 and volume28 with poor cacheability, Ran-CLOCK(K)/Ran-SIEVE(K) apparently
avoids the cliffs seen under other policies. Their hit ratios increase steadily under incremental
cache provisioning, indicating robustness under scan-dominated and cache-unfriendly workloads.

7 Why Randomization Mitigates Cliffs
We provide a simple heuristic mean-field approximation explaining why randomization mitigates
scan-induced cliffs. Taking RANDOM replacement as a representative of the randomized family, its
scan resistance can be examined by studying how its hit probability varies with the ratio of cache
size to scan length.

Consider a cache of size C under a repeated scan sequence of length s > C, and let P55 denote
the long-run miss probability. Under RANDOM replacement, we have approximately

1 $Priss
(1_5) :1_Pmiss,

as with probability (1-1/C) an item survives a random selection and about sPy,jss random selections
take place per cycle (as a hit does not trigger a random replacement).

Now, using (1 - %)SP"““ ~ (exp(—s/C))Fmiss, we are looking for a root P, in (0, 1) of

aPmiss =1- Pmiss, a= eXP(—s/C),
This root can be expressed using the principal branch of the Lambert W function:

W (-be?)
b ,
Figure 9 shows the heuristic hit probability as a function of C/s in the blue solid curve. Note that
this heuristic can be viewed as a mean-field approximation in the sense that randomness is replaced
by expectations. We validate this approximation against simulations of a repeated scan over 5000
distinct objects. The warm-up period consists of 200 scans. Measurements are then collected over
the next 1000 scans. The simulation results are shown as an orange line with markers in the same
figure, with an MAE of 8.5 x 107> relative to the model predictions.

Priss =1+ b=-Ina=s/C>0.

1.0 ~
—— Model //
20.8 Simulation ~ /
o /
S 0.6 /
Q /
o /
504 S
= yd
To0.21 ///
00—

02 04 06 08 1.0
Cache size / scan length

Fig. 9. Modeled vs simulated hit probability (MAE 8.5 x 107°) under repeated scans with RANDOM replace-
ment, as a function of the cache-size-to-scan-length ratio C/s.
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Note that the curves exhibit a smooth ramp-up as C/s increases, meaning that under RANDOM
replacement on workload with repeated scans, incrementally provisioning the cache produces
incremental gains in hit ratio rather than an abrupt jump after a critical threshold is crossed. This
captures the same hit ratio behavior seen in Figure 8 under randomized replacement policies.

8 Conclusion

We studied Ran-CLOCK/Ran-SIEVE(K), which replace scan-based evictee search in CLOCK/SIEVE(K)
with random probing while retaining small per-object state. We developed a heterogeneous mean-
field model for both IRM and phase-type renewal processes. We showed that the fixed point used
to approximate stationary behavior is characterized by a single scalar parameter, which can be
computed efficiently by bisection. We then validated the model against extensive simulations.

Simulations on production workloads show that randomization mitigates scan-induced patholo-
gies, with only modest losses under purely Markovian arrivals. This behavior is further supported
by a mean-field approximation of the hit ratio under RANDOM replacement as a function of the
cache-to-scan ratio under workloads with repeated scan sequences.

Empirically, we found that policy rankings depend strongly on the interplay between frequency
and recency; changes in inter-request time distributions can reorder policies even when popularities
are fixed. Across traces, Ran-CLOCK/Ran-SIEVE provides stable and robust performance with
steady hit ratio growth as cache size increases, whereas naive CLOCK, SIEVE, LRU, and FIFO can
exhibit sharp performance cliffs. Our parameter sweeps further indicate diminishing returns in the
counter cap, suggesting that small to moderate values (e.g., K < 15, i.e., 4 bits) are practical.

As future work, it may be possible to develop a heterogeneous mean-field model for the CLOCK(K)
replacement algorithm that uses a scan-based evictee search. This may allow proving structural
results between the unique fixed points of the mean-field model for RAN-CLOCK(K) and for the
mean-field model of CLOCK(K), resp.
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A Validation Results for Section 5.1

n 30 60 120 240 480 960

C 10 20 60 40 100 200
0=05 MF 0.5989 0.5840 0.4071 0.7536 0.6939 0.6878
0 =05 SIM-MF | -1.9207e-04 8.8524e-05 1.9143e-04 -9.8217e-05 -6.1211e-05 3.8439e-05
0=0.8 MF 0.4844 0.4463 0.2796 0.5737 0.4936 0.4729
0 =0.8 SIM-MF | 1.0899e-03 1.1013e-03 7.3245e-04 4.4538e-04 3.4148e-04 2.5574e-04
0=11 MF 0.3439 0.2876 0.1539 0.3406 0.2578 0.2252
0 =11 SIM-MF | 3.4237e-03 2.2831e-03 9.6567e-04 1.0318e-03 4.8686e-04 2.0866e-04

Table 5. Validation by simulation of miss probability for IRM model with K = 1. mean-field is nearly always
optimistic, i.e., predicts a fractionally smaller miss probability.

B Theoretical Support for the Mean-Field Approximation

We would like to provide conceptual support for the observed accuracy of the mean-field model
in Section 5 using the heterogeneous mean-field framework of [1]. Their Theorem 4.1 gives an
O(1/n) error bound for n-object CTMCs with (i) bounded interaction degree d < dy,ax independent
of n, and (ii) interaction rates that admit the normalization

1
ql(:s)—m’ (X) = dnd_l rli’:)—m’ (X), d S dmax: (35)
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n 30 60 120 240 480 960

C 10 20 60 40 100 200
0=05 MF 0.4061 0.3972 0.2589 0.5780 0.5138 0.5096
0 =05 SIM-MF | 3.1897e-03 1.7490e-03 8.3556e-04 5.1291e-04 1.2413e-04 1.4753e-04
0=038 MF 0.3360 0.3110 0.1820 0.4442 0.3714 0.3559
0 =0.8 SIM-MF | 3.5011e-03 2.1895e-03 9.6463e-04 9.3499e-04 4.3560e-04 2.3220e-04
0=11 MF 0.2443 0.2050 0.1024 0.2660 0.1967 0.1719
0 =1.1 SIM-MF | 4.5827e-03 2.7373e-03 9.1606e-04 1.1193e-03 4.7090e-04 1.7684e-04

Table 6. Validation by simulation of miss probability for Zipf-like popularity and hyperexponential inter-
request times with K = 1 and p/p2 = 10. The mean-field model is always optimistic.

n 30 60 120 240 480 960

C 10 20 60 40 100 200
0=05 MF 0.3996 0.3878 0.2470 0.5690 0.5034 0.4989
0 =05 SIM-MF | 1.8039e-03 8.7746e-04 3.2949e-04 3.7862e-04 1.4419e-04 6.8345e-05
0=0.8 MF 0.3114 0.2865 0.1635 0.4172 0.3466 0.3321
0=0.8 SIM-MF | 1.8201e-03 8.4784e-04 1.8701e-04 3.6049e-04 1.9250e-04 1.6499e-05
0=11 MF 0.2150 0.1801 0.0879 0.2386 0.1754 0.1533
0 =11 SIM-MF | 1.4504e-03 6.0305e-04 1.7861e-04 3.0522e-04 5.3843e-05 6.3506e-05

Table 7. Validation by simulation of miss probability for Zipf-like popularity and hyperexponential inter-
request times with K = 15 and p1 /pz = 10. The mean-field model is always optimistic.

where the rate functions rli':)_m, (x) are uniformly bounded (cf. Equations (2a)—(2c), (3), (4) in [1]).
More specifically, Theorem 4.1 in [1] states that the probability that a item k is in state j at time
and the solution xy ;(t) of the mean-field model differ by a term O(1/n) for all ¢.

To enforce bounded interactions, we introduce a truncated policy Ran-CLOCK/Ran-SIEVE(K, d*)
that caps the scan length at d* probes; if no zero counter is found within d* — 1 probes, a victim is
chosen uniformly at random among all cached items. Under Ran-CLOCK/Ran-SIEVE(K, d*), each
transition updates at most dpax = d* + 1 items. We limit ourselves to the IRM model. The only
additional requirement for the phase-type model is that the rates appearing in the matrices Ty
must be uniformly bounded across all items k. This condition holds for instance if the subgenerator
matrix Tx = piT as in our numerical experiments.

The modified mean-field equations due to the truncation are given by

1_
Srkatt) = prne (1) = m(opme(t) 2L+ 208, (36)
d 1-
Exk,j(t) = prxXp j—1(t) = prxp j () + m(t) (Mc,ﬁl(ﬂ%t)(t)
1=pr(t) pr(t)
=X, () (T@+T)) (37)
1- K
%xk,—l(t) = —pixg,-1(t) + m(t) (xk,o(t)%t)(t) + pr(t) ]Z_;xk,j(t)): (38)
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for j =0,...,K -1, with p¢(t) = (1 - X‘)T(t))d*’l the probability that the first d* — 1 probes fail.
To understand the terms involving the factor 1 — p¢(t), note that on average the number of failed
probes among the first d* — 1 equals

d -1
xo(t) o 1- (1
Z“‘c:)—

- xo_ét))d* _C=x(t)

[0 T
""C xo(t)

(), € _C-xt)

0= = T

(1=py ().

Hence, the o (t) factors in (4)-(6) needs to be replaced by ~ Et) The terms of the form p¢(z)/C are
due to the random d*-th probe that selects the victim.

We write the microstate as x = (Sy,...,S5,) € 8" with local state space S = {-1,0,1,...,K},
where S; = —1 means “not cached” and Sy = j > 0 means “cached with counter j” Consider the
IRM scaling used in Section 4: item k is requested at rate pg, with >, px = 1. Fix an ordered d-tuple
k = (ki, ..., kg) of distinct items and local state vectors s, s’ € S with d < dpmay. Let qi';LS, (x) be
the CTMC transition rate from microstate x for the jump that updates exactly the items in k from s
to s’. Changes to the microstate x that only change the state of a single object are called unilateral
transitions. These occur under the IRM model when a hit occurs and the hit rate of any item is
clearly bounded by p; < 1, meaning (35) holds for d = 1.

For Ran-CLOCK/Ran-SIEVE(K, d*), any such d-item update, with d > 1, can only be triggered
by a miss. Without loss of generality we may assume the miss is triggered by item k;, hence

(n)

Ay sy (%) = pr, Prs—s (%), (39
where ¢y s (x) is the conditional probability that, given a request for k; in microstate x, the
truncated scan probes exactly the items k, . . ., kg (in some order and some items possibly more

than once) and the resulting update maps the pre-scan local states s to the post-scan local states
s’. Note thatv; =s; —s; > 0fori=2,...,d. LetV = Z?:z v; > d — 1. Without loss of generality
assume item k; is the one replaced in the cache, meaning s, = —1. If we scale the cache size with
the population size by setting C = &n, with 0 < £ < 1, then if the last probe succeeds (that is, the
V-th as each failed probe decreases a counter by one)
(V-1 1 1 d(v -1)! 1 (d+1)
Prsms (x) = d 10V dnd-1 d Soada
(0 = D100 € dnH gd1CV=ddl (g, — IT] 00 dn 3
as V < d*. If the first d* — 1 probes all fail and the victim k, was selected at random, we have
(d* - 1)! 1 1 (d*+1)!
d’k,s—)s/ (x) = ~d = d-1 d*
(*_1_ 1301)'1—[ Uz'c dn §

as item k; is probed exactly d* — 1 — Zl 5 0; times in the first d* — 1 probes before it is selected at
random during the d*-th probe.
This shows that if we scale the cache size C with the population size n for the Ran-CLOCK/Ran-
SIEVE(K, d*) algorithm, all interactions involving d > 1 items can be written as in (35) with
rm (x) uniformly bounded by (d* + 1)!/&%".
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